THE REGULARITY PROBLEM FOR ELLIPTIC OPERATORS WITH 
BOUNDARY DATA IN HARDY-SOBOLEV SPACE HS^ 

MARTIN DINDOS AND JOSEF KIRSCH 

Abstract. Let be a Lipschitz domain in M",n > 3, and L = divAV be a second 
order elliptic operator in divergence form. We will establish that the solvability of 
the Dirichlet regularity problem for boundary data in Hardy-Sobolev space HS^ is 
equivalent to the solvability of the Dirichlet regularity problem for boundary data in 
H^'P for some 1 < p < oo. This is a "dual result" to a theorem in [H], where it has 
been shown that the solvability of the Dirichlet problem with boundary data in BMO 
is equivalent to the solvability for boundary data in LP{dVt) for some 1 < p < oo. 



1. Introduction 

We shall prove an equivalence between solvability of certain end-point Dirichlet reg- 
ularity problem in HS^ for second order elliptic operators and the solvability of the 
Dirichlet regularity problem with boundary data in H^''' for some 1 < p < oo. The 
space HS^ is defined in section 2. 

To be more precise, we study the regularity problem for elliptic operators in di- 
vergence form L = divAV on a Lipschitz domain Q C M", n > 3. The matrix 
A = {aij{X)) has real, bounded measurable coefficients such that there exists A > 
with A-i|eP < Eij for all ^ G and all X e Q. 

For these elliptic operators the Lax-Milgram Theorem implies that for every / G 
if 2 '2 there exists a unique weak solution u G H^''^{Q), i.e. 

[ AVu-Vip = for all G Co~(l^) 

with n = / on dQ, which means that the Dirichlet problem 

Lu = in f2 
M = / on dQ 

is solvable for boundary data in H^''^(d^l). The question, if solvability still holds for 
other classes of boundary values, was extensively studied. In [19] it was shown that 
the continuous Dirichlet problem is solvable for these elliptic operators, i.e. for every 
/ G there exists a unique u G W^^^iQ) fl C°{n) such that Lu = in Q and 

M = / on dQ. 

Historically the study of the Dirichlet problem with boundary data in for elliptic 
operators of the form L = divAV was initiated by B.E.J. Dahlberg in [5], where the 
Laplacian on Lipschitz domains was considered (the pullback of the Laplacian on a 



1 



2 



MARTIN DINDOS AND JOSEF KIRSCH 



Lipschitz domain leads to an operator of the form L = dwAV for A elliptic with 
bounded, measurable coefficients). 

Apart from the Dirichlet boundary value problem with data in of great interests 
are also other boundary value problems in particular the Neumann problem and 
Dirichlet regularity problem (or just Regularity problem) where the data are in 

H^'P{dQ) = {f e LP{dQ)] VtI' e LP{dQ)}. 

Our result is motivated by a recent result [8] that established that the Dirichlet 
problem with boundary data in LP{dQ) is solvable (abbreviated (-D)p) for some 1 < 
p < oo if and only the Dirichlet problem with boundary data is solvable in the end-point 
BMO space (abbreviated {D)bmo)- 

By the theory of Muckenhaupt's 5p-weights it is well known that (-D)p implies {D)q 
for q e (p — £, oo) and some £ > 0, i.e. solvability is open with respect to p on 
(l,oo). The result in [8] estabhshes that this "extrapolation property" also holds 
at the endpoint where the correct endpoint is {D)bmo- Furthermore the {D)bmo 
solvability is also equivalent to the fact that the harmonic measure for the operator L 
is an Aoo{da) weight with respect to the surface measure. 

The most classical method for solving these types of boundary value problems (at 
least for symmetric operators with coefficients of sufficient smoothness) is the method 
of layer potentials [10] for the Laplacian in and [20]- [22] for variable coefficients op- 
erators. What has been observed are intriguing relationships between various boundary 
value problems. Of particular note is the duality between the Dirichlet boundary 
value problem and H^'^ Regularity problem (^ -|- ^ = 1). It turns out that the the 

Dirichlet boundary value problem is solvable if and only if the H^'^' Regularity problem 
is solvable for the same operator (assuming symmetry of the operator). 

We note that our assumptions do not allow to use the method of layer potentials, 
but this informal duality led us to hypothesize and later prove that the result from [8] 
does have a corresponding dual result. We observed that the dual of the Hardy space 
is the BMO space and this leads to hypothesis that the correct endpoint space for the 
Regularity problem is the atomic Hardy space. 

Before we formulate our main result precisely we introduce few necessary definitions. 
The study of boundary data in LP{dQ) is related to the study of the non-tangential 
maximal function, see for example [0]. 

Definition 1.1. For k, > 1 we define the cone-like family of non-tangential approach 
regions {r«((5)}Qean by 

r^(Q) = {Xen:\X-Q\<K dzst{X, dn)}. 

We will omit the index k, and write T{Q), if no confusion can arise. The non-tangential 
maximal function for the non-tangential approach region {T{Q)}Q(zQn is defined by 

u*{Q) = sup \u{X)\. 

The truncation at height h of the non-tangential maximal function is defined by (m)^(Q) = 

KX)|. 
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Moreover we define the following variant of the non-tangential maximal function: 

(1.1) N{h){Q)= sup (/ \h{Y)\'dy] heiUn). 

Xgr(Q) \JBs(xiiX) J 

Definition 1.2. The Dirichlet problem with boundary data in L^{dQ),l < p < oo, 
is solvable (abbreviated {D)p), if there exists a constant C > such that for every 
f G C^{dVt) the corresponding unique weak solution u G Wl^^iVl) fl C^{Vl) satisfies 

||M*||LP(9f7) < C\\f\\LP{dQ)- 

Definition 1.3. The regularity problem with boundary data in H^'P(dQ), 1 < p < oo, 
is solvable (abbreviated {R)p), if for every f G H^'^{dVL) fl C^{dVL) the weak solution u 
to the problem 

Lu =0 inVt 
u\qb = f on dVt 
satisfies 

ll^(Vn)||LP(an) + ll^^llLp(n) < C'||/||//i.p(9n) 

for a constant C independent of f . Similarly, we say that the regularity problem with 
boundary data in HS^{dVL) (abbreviated (R)fjgi ) if for every f G HS^{dVL) nC'^{dVL) the 
solution u satisfies the estimate 

We define {D*)pi = {D)^* for L* = divA^V. Now we can formulate tlie main result 
of this paper: 

Theorem 1.1. Let L be a divergence form elliptic operator satisfying the ellipticity 
condition on a Lipschitz domain Q. Then the following two statements hold: 

• If {R)hs^ solvable then {D*)bmo and {R)p are also solvable for some 1 < p < 
oo. Moreover, under this assumption 

{R)p is solvable if and only if {D*)p/ is solvable for p = p/{p — 1). 

• // {R)p is solvable for some 1 < p < oo so is {R)hs^ ■ 

We note that the second part of this statement is not new and appears in (at 
least for symmetric operators). The reverse direction is new. Simultaneously, the first 
part of this statement improves the result of Shen [21j (again only stated for symmetric 
operators). Shen has established that the statement 

{R)p is solvable if and only if {D*)pi is solvable for p' = p/{p — 1), 

holds provided {R)g is solvable for at least one q G (l,oo). In our statement this is 
replaced by the {R)h3^ is solvability. 

Acknowledgments. The second author thanks his Ph.D supervisor Martin Dindos 
for the encouragement and for many helpful discussions and suggestions. The second 
author is also grateful to Jill Pipher for her help concerning the endpoint of Gehring's 
lemma. The results in this paper also appear in the Ph.D thesis [18], where amongst 
other things the same problem for elliptic operators with small drift terms is considered. 
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2. LiPSCHiTZ Domains and the Hardy-Sobolev Space HS^ 

In this section we will follow [2] to introduce the Hardy-Sobolev space HS^ on the 
boundary of a Lipschitz domain. 

Definition 2.1. A domain C M" zs called a Lipschitz domain, if there exist a finite 
sequence {Qk}k ^ dfl and Rq > such that 

• Q n BsRQ^Qk) is in some local coordinates {(x, + t) : x G > 
0} n BsRg{0) for a Lipschitz function (pk 

• dQ = [j,Bn,{Qk)ndQ 

Throughout the whole paper, we will assume that is a bounded Lipschitz domain 
in for n > 3. By definition Q is locally the area above a Lipschitz graph ip and so 
for Q = {x',ip{x')) e dQ we define Aji{Q) = {x',ip{x') + R) and for X G we define 
X G dQ such that Aji{X) = X for an appropriate R. Thus Aji{Q) and X are well 
defined in each dfl fl BsR^^Qk)- This means that Ar{Q) and X depend on k, but we 
will omit the index k to maintain an easy readable notation. If we speak about an 
Ar{Q) for R > Rq we mean an appropriate point (which will be clear by the context) 
in Q, which has distance to dQ comparable to 1. The radius of a ball B is denoted by 
r{B) and for Q G dil, X G and i? > we write: 

Ar{Q) = dnn Br{Q), Tr{Q) = nn Br{Q), 
5{x) = dist(x, an), {dn)p = {x en-. 6{x) < /?}, 
= n\{dn)fs. 

In [23j and ^ it was shown that a function having weak derivatives in the Hardy 
space is equivalent to a maximal function used by A. P. Calderon and then by 
A. Miyachi being bounded on L^. In [7], Theorem 5.3, R. Devore and C. Sharpley 
showed that the maximal function defined by A. P. Calderon is equivalent to a maximal 
function, which we will define now for the case regarding one derivative (see [7] (2.2), 
(4.3), Lemma 2.1, page 36 and page 104 and [2]): 

Definition 2.2. Let T be a domain in M". For < g < 1 and f G Ll^^{r) we define 
the maximal function f^ by 

where the supremum is taken over all balls B, which are contained in T and contain x. 
The space is defined as all f G L'j^^iT) such that the norm 

||/lb = ||/J||L,(r) + ||/||L,{r) 

is finite. 

For g = 1 we see that f^{x) = sup^^x ^ 1/ - /si with = / = ^ /, 

whereas for g < 1 the function / might not be locally integrable and so fs might not 
be defined. To simplify the notation we will write Nf = f^, keeping the same notation 
in[2]. 
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In [H] (see (6) in [2] as well) it was proved for f ^ C^, < q < 1, where s is 
a constant larger than 2, which depends on the doubling property of the underlying 
metric space, and q* = that 



(2.3) f <Cr(f \Nf\^ 

XJBr J \JXBr 

for some A > 1, which is independent of / and r. We define 



MJ{x) = sup If I/I 

BBx \J b 



where the supremum is taken over all balls containing x. 

In [2] N. Badr and G. Dafni proved a relationship between the Hardy-Sobolev space 
and the space on complete Euclidian manifolds M with fi{M) = oo and n a doubling 
measure. Since we would like to apply this result later on to boundary data on dQ for 
Q a Lipschitz domain, we will not work in such a general setting. Our domain will be 
dQ for Q a Lipschitz domain, where the surface measure is the underlying measure. 
Therefore our domain is bounded and has a finite doubling measure. We will not write 
dQ, if there is no confusion possible, which domain is meant. Similar to Definition 2.11 
and Definition 4.3 in |2] and we define 

Definition 2.3. For 1 < t < oo we say that a function a is a Hardy-Sobolev (1, t)-atom, 
if 

• a is supported in a ball B 

\B\¥ 

For this a we will use the terminology that a is a Hardy-Sobolev (1, t)-atom correspond- 
ing to the ball B. 

We define the space HS\^i^ as follows: f E HS] ^^g, if there exists a family of Hardy- 
Sobolev {l,t)-atoms {aj}j such that f can be decomposed as 

f = Y1 ^^^^ 

j 

with |Aj| < oo. We equip HSl^^^^ with the norm Wfllnsl^to ~ "^^^ l"^-?'!' '^^^''^^ 
infimum is taken over all possible decompositions. 

Thus HS\^^^ C W^'^. If one compares this definition with the Definition 4.1 in [2] 
for non-homogeneous Hardy-Sobolev (l,t)-atoms, one sees that we do not impose the 
cancellation condition J a = on the atoms. This is due to the fact that we do want 
constant functions to belong to our space. On the other hand our atoms will always 
satisfy cancellation condition on the level of derivatives: 



Vra = 0. 

'en 

Moreover if one compares the Definition 12.31 with the Definition 2.11 in |^ for ho- 
mogeneous Hardy-Sobolev (l,t)-atoms one sees that N. Badr and G. Dafni impose 

(2.4) ||a|Ui <r(fi). 
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which automatically holds for our atoms, because: For a an atom corresponding to 
a ball B with \B\ < ^\dQ\ we can use Poincare's inequality and the fact that Va is 
uniformly in L^. In the case that > ||<9fi|, condition (12. 4p simplifies to ||a||Li < C, 
which obviously holds for any atom. 



Lemma 2.1. Let a be a Hardy- Soholev {l,t)-atom, then 
Thus HSl,, C With ll/llci < aWfWnsU^- 

Proof. The proof follows easily from the proof of Proposition 4.5 in [2]. □ 

To show the converse, i.e. that C HS]^^^, we have to construct the Hardy-Sobolev 
(l,t)-atoms, for which we will need the following variant of the Calderon Zygmund 
decomposition: 

Theorem 2.2. Let f E and q and s be as in i[2.3\) . Then for every a > ao = 
CnWfWc'^ withCn a constant depending on the domainVt, one can find halls {-Bj},, C dVt, 
functions hi G W^'^ and g G W^'°° such that 

• f = 9 + Y.^h 

• \g\ + \^g\ < Ca almost everywhere 

• supphi C Bi, < Cria|i?i|, \\hi\\g + \\Vhi\\q < Ca\Bi\^ 

• j:^m<if{Mf+Nf) 

Proof. The same proof as in Proposition 4.6 of [2] works here. □ 

Theorem 2.3. Let f,q and s he as in Theorem \2.2\ and q* = -^i> !)■ There exists a 
family of Hardy- Soholev {l,q*)-atoms {aj}j such that 

f = Y.\,a, and Y.\\,\ < C\\f\\c.. 

j 

Thus C^dHSl^^JorKtKq*. 

Proof. The major difference to the proof of Proposition 4.7 in [2] is the fact that our 
domain is bounded. Let ao be as in the proof of Theorem 12.21 Then for every j > jo 
with jo the smallest integer such that 2^° > we apply Theorem 12.21 to get 

f = g^ + Y.bi. 

i 

Following the proof in [2] , we see that we can write 

j>jo 

in the W^'^ sense. The terms {g-^"^^ — g-') are treated as in p]. The term g^° is seen after 
a normalization as an atom for dQ. Then one can follow the proof of the Proposition 
4.7 in [2] to complete the proof. □ 
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Remark. From the construction of the atoms Uj we see that if / G C^{dfl), then the 
ttj are in C^{dQ,). 

Since in our setting Poincare's inequahty on holds and every (l,t)-atom can be 
decomposed in a (1, oo)-atom and a (1, t)-atom that satisfies the cancellation condition, 
Theorem 0.1 in gives: 

Theorem 2.4. HS]^ = HS\^ for all 1 < ti,t2 < oo. The norms are comparable, 
where the implicit constant depends on ti and ^2- 

Thus we can define HS^ = HSl^^^^ for any 1 < t < oo and we will impose the norm 
of HSl^,,, on HS\ 

We finish this section with a result about the C^-norm, which is equivalent to the HS^- 
norm in the q = 1 case. In order to keep the notation simple, we assume that we work 
on M" instead of dil. 

Lemma 2.5. Fix < R and < q < 1. Let G C^(M'^) be supported in -82/? (0) 
with values in [0, 1], Lp = 1 on -Bi?,(0) and \V(p\ < ^. Assume that f E D and let 
Cr = jsiRio) f ' -^^^'^ there exists and Cq independent of f such that 

Mf - Cr)\\1. < C,™[M(V/)^](x) + c.R^'RmiivfDixr 

for any x G Bcor{Q). 

Proof. First we claim that for x G ^2^(0) one has {^[f - Cr])\{x) < CM{\Vf\){x). 
For X G i?2i?(0) Holder's inequality implies 

W - Cr])\{x) = sup inf ^ f / Hf - Cr) - 

< sup / - Cr) - W - Cr])b\ 



<C sup h^W-CR])\ 

B3x J B 

< Csup / I V^ll/ - Cr\ + sup / v\Vf\ 

BBx J B BGx J B 

C f C I 

<Ti sup f XB2R\f - Cr\ + — sup -fXB^Rlf-CRl 



-fl, B3x J B ^ B3x J B 

r{B)>R r{B)<R 

+ M(|V/|)(x) 

= i + n + M{\vf\){x). 

For I observe that B n i?2R(0) ^ implies 52i?(0) C 55 and so 

/ < § sup ^ /■ \f-CR\<j^J |V/| < M(|V/|)(x). 

r{B)>R 

For //, we first use the fact that the uncentered maximal function is dominated by c„ 
times the centered dyadic maximal function. Hence it is enough to consider for the 
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supremum balls of the form Bj = B{x, R2 > 0: 



'R\ 



//< §sup/ \f-C 

ri i>o Jbj 



c 

R j>o 



If-fi 



j>0 ^J+i 



<CM(|V/|)(x) 



C 
R 



Y.2-mj |v/| 

i>0 



<CM(|V/|)(x) 
i.e. the claim is proved. To use the claim we write 



mf-Cn])X 



{w-cn])iy + 



b\<} 



By the previous claim the first term is bounded by Ci?"'M[M(| V/|)''](x) for any x G 
Bcqr{0). For the second term we will use the fact that if x G -B and \x\ ~ 2^R then 
for B n B2R 7^ one needs r{B) > C2^R. Thus we have 

r , _ sin? 



{choose c = 0} < 



1 

sup J 

B5x LB '1 



B 



^•>l J{\x\^20R} 



23 R V (2^i?)" Jb, 

< c'S^{2^R)^ ^ 

- ' {2iRY{2^RY 

cjf iv/iyi?"(i"^) 



\^(f-CR)-C 

xbirII - Cr\' 
U-Cr 

2R 

U-Cr 



dx 



dx 



B2R 



B2r\'-' 



'B2R 

<C,i?"M(|V/|)(a;r 

for any x G Bcor{0). 

To deal with the L'^-norm of ip{f — Cr) one applies Holder's inequality and Poincare's 
inequality to get \\^{f - Cr)\\li < CR''R'iM{\V f\){xY for any x G Bc^r. Thus the 
proof of the Lemma is complete. □ 
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3. The Regularity Problem for boundary data in HS^ 

We start this section by adjusting some results from [16] to the (i?)jj5i-case. By the 
proof of Theorem 3.1 in [TB] and the Vitah-Hahn-Soks Theorem (see for example [H], 
p. 155) we get for 

{VTU)r{Q) = / Vu{X) ■ f{Q) dX 

JB,/2{Ar{Q)) 

Theorem 3.1. Assume that u G Wlj^iVt) solves Lu = and that ||A^(Vm)||li(9q) + 
< oo then 

• u converges non-tangentially almost everywhere to a function f with f G W^'^{dQ). 

• // / = almost everywhere, then u = 0. 

• There exists a sequence rj — )■ such that (VTM)r converges in the weak* topol- 
ogyof{L^{dn))* toVrf- 

We first observe that the solvability of {R)jjgi can be reduced to proving the estimate 
(ll.2p for smooth atoms. 

Lemma 3.2. Assume that U.2\) holds for smooth Hardy-Sobolev atoms, then {R)fjgi 
holds. 

Proof. We first claim that if fll.2p holds for all continuous Hardy-Sobolev atoms then 
(R)hs^ holds. Indeed, let / G HS^ fl C°(9f2). Then by the remark below Theorem 12.31 
there exist continuous atoms aj and scalars Xj such that / = X] ^j^j- Thus if u is the 
solution for / and Uj for aj we have 

\\N{Vu)\\L^en) < 5^|A,| \\N{Vu,)\\m9n) < CJ2\X,1 
j j 

\\u\\Li(n) < l^il W^jWLHn) < |Aj|. 
j j 
Since this holds for all decompositions we get ||A^(V'u)||ii(gn) + ||M||Li(f7) < 
and so the claim holds. Hence it is enough to prove (11.21) for continuous Hardy-Sobolev 
atoms a under the assumption that (II. 2p holds for smooth Hardy-Sobolev atoms. 
Every continuous Hardy-Sobolev atom a can be uniformly approximated in HS^ by 
smooth Hardy-Sobolev atoms aj (by the use of moUifiers). We call the corresponding 
weak solutions u and Uj. The maximum principle implies that Uj converges uniformly 
to u on fl, hence < lim^ < Climj HajUji^^i < C||a||^5i. Let 

N,(h){Q)= sup f/ Ihl'Y 

Jfer(Q) \J B(X,S(X)/2) / 
5{X)>e 

be the truncated below maximal function. Cacciopoli's inequality and the uniform 
convergence of uj to u imply N^CVuj — Vn) — )■ uniformly on dQ. Therefore 

/ iVe(Vn) < lim / iVe(Vuj) < C lim | |aj| l^^i < C| |a| l^^i. 
Jan Jan i 

Since increases to N the monotone convergence theorem completes the proof. □ 
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Recall that when we defined the {R)jjgi solvability we only did it for data in HS^{dil)n 
C^{dQ). The following theorem shows that this is sufficient and that this implies ex- 
istence of a unique solution for any data in HS^{d^l). 

Theorem 3.3. Assume that {R)jjgi holds. Given f G HS^ , there exists a unique 
u G L}{Vt) with N{Wu) G L}{dVL) such that Lu = in Q and u converges non- 
tangentially almost everywhere to f. Moreover (VT^)r (^j ~^ 0) converges in the 
weak* topology of to Vt/. 

Proof. We have seen that the norms of HSl_^ ^^^^ and HS\^^^^ for 1 < ti,t2 < oo are 
equivalent. Thus every (1, cx3)-atom can be approximated by smooth (1, oo)-atoms in 
HS^ . Let / = Xlj-^i'^j' then choose smooth (l,oo)-atoms with \\a^ — aj\\fjgi < 

^■^Y~\\~y Now choose such that Ylf>N l-^il — ^' then for f^ = '^j^f have 

11/ - InWhs^ < EiLi l^illkf - + Ej>7v l^il < 2£, i.e. /tv ^ / in HS^ with /tv 

smooth. 

If follows that we can choose fj G HS^ D C^i^dQ) converging to / G HS^ in HS^ 
norm. Denote by Uj the weak solution for the smooth boundary data fj. Then 

\\N{V{uj -Mfc))||Li(en) + \\uj -UkWi^n) ^ 0, 

and so {uj}j is a Cauchy sequence in L^{Q). Thus there exists u G L^{Q) such that 
Uj — )■ u in L^{Q). Using Cacciopoli's inequality in the interior we see that for any 
compact K G Q one has 

\\Uj - Uk\\w^-'2{K) < CkWuj - Uk\\L'^(K) 0. 

The uniqueness of limits implies that u G W^^^{Q) and that m is a weak solution of the 
equation Lu = 0. Furthermore 

= hm IImjIIlmh) < CMmWfjWjjs^ < 

\\u~Uj\\Li{Q) < C\\f - fjllHs'. 

By using the same A^g-idea as before we get 

\mVu)\\L^^en)<C\\f\\ 

||iV(V(n-n,))||Li{an)<C||/-/,||^5i. 

Hence Theorem 13 . 1 1 implies that u has a non-tangential limit almost everywhere, which 
we will denote by u\qq. It remains to check that uIqq = f almost everywhere. We 
know that 

{u, - uYiQ) < CN{V{u - u,)){Q) + C\\u, - u\\Liin). 

Therefore 

|{|/ - u\sn\ > «}| < |{|/ - f,\ > f }| + |{|/, - n,| > f }| + - u\an\ > f }| 
<f||/-/,||LMan) + |{K--nr >f}| 

< f (11/ - fjWL^idn) + \\N{V{uj - VM))|Ui(en) + H^i - MlU^f^)) 

< f 11/ - fjllns^ 

which implies the non-tangential convergence almost everywhere. Uniqueness and the 
stated (VTii)rj convergence follow from Theorem 13.11 which completes the proof. □ 
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3.1. {R)hs^ implies (-D*)bmo- In this subsection we explore the relation between the 
{R)hs^ the elliptic measure of the adjoint operator L*. 

Let us recall the definition of the elliptic measure. In [12] it was proved that for 
every g G C^{dQ) there exists a unique u G Wl^^{Q) fl C^{Q) such that L*u = in Q 
and u = g on dQ. By the maximum principle we have < I Ifi'l |L°°(n)- Thus for 

every fixed X G fl the map defined by 

C%dQ) 3 g^ u{X) 

is a bounded linear functional on C^{dQ). The Riesz Representation Theorem implies 
the existence of a unique regular Borel measure such that 

u{X)= [ g{Q)duj''{Q). 
Jan 

We will write u instead of if we speak about a fixed Xq. The reverse Holder class 
Bq, q > 1, is defined as the class of all non-negative functions k G L^^^ such that 

' <C-f k 



for all cubes Q, where fgk = J^k. Using for example Lemma L4.2 in [15] one sees 
that 

{D*)p ^Lo E Bp, {da). 

By the result of we also have 

{D*)bmo ^uje Aooida) = [j Bp, (da). 

p'>i 

Let us recall a variant of the non-tangential maximal function from [16]. For any 
h : n ^R, Q e dnwe consider S^AQ) = Tr{Q) n {dn)^R and define 



N%h){Q)= sup (/ |V/i(Z)|2dZ 

X&{Q) \Jts^x){X)\S,^s^x){X) j 

Lemma 3.4. For all < p < oo there exists Ci, C2 depending only on e, p and Vl such 
that 

LP{dn)- 

Proof. As it is stated in [16], the proof can be found in [TT], Lemma 1, Section 7. □ 

Lemma 3.5 (Lemma 5.8 and Lemma 5.13 in [16]). Let < R < jR' and Q G dQ. 

Assume that u is a non-negative weak solution, which vanishes on Aiii{Q), then there 
exists an e > such that 



|Vn|^ < C / |Vu| 

Tr{Q) Jtii{Q)\S,MQ) 

Moreover for X G Tij^,{Q) and 5{X) = R we have 

u{X) ^ 



6{X) 



Vu\ 



'TR{Q)\S,^ii{Q) 
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Theorem 3.6. {R)jjgi implies {D*)bmo (and also {D*).p for some 1 < p < oo). 

Proof. We use the methods and ideas from the proof in [Mj and change them a bit 
to suit the {R)fjgi condition. Let u be the elhptic measure for L*. By [S] it suffices 
to prove that u is absolutely continuous with respect to the surface measure and that 
Lo G Aoo{da). 

Choose R < |i?o and Qo G dQ. Let / G C°°{dn) be non- negative with < / < 1, 
|V/| < % and 

eO onAn = An{Qo) 
= 1 on A4R\A2i? 
= on dflXA^R. 

Clearly, \\f\\L'^(an) < 1 and 1 1 V/| ^00(9^^) < |, thus j^f is a Hardy-Sobolev (l,oo)- 
atom. If follows that WfWns' < CR''-^ 

Let u be the weak solution with boundary data /. Then C < u{Aii{Qo)) < 1. By 
the comparison principle and Lemma 2.2 in [3] we have for X G Tr/2(<5o)- 

G(X,0) ^ G(A«(go),0) G*iO,AniQ,)) ^ uiAnY 
Lemma [3.51 and Lemma 2.2 in [3] imply 



and so for P = X we have 



2 



G(X,0) a;(A5(x)(X)) P"-^ 



5{X) 5{X) uiAn) a;(A^) 



^ \JTs^x){X)\S,,s(x) J ^ 

Hence if we define h{P) = suPq^^^a '^^^-f , the estimate above gives that h{P) < 

'"^i-f ( Vm) (P) . By Lemma [375| the assumption that {R)ugi holds and the doubling 
property of u we see that uj is absolutely continuous with respect to da, i.e. uj = kda 
for some k & da). 

In order to show that u G A^oi da) it is enough to show that ||co'||L(iogL)(d5-) < 
C||a;||ii(dCT) for all da = ^ da (see for example [12]), where we can assume without 
loosing generality that r(A) < Rq. We have by |25] that 

\\k\\L{logL)(da) < C'||^A^||Li(d5)5 
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where denotes the Hardy-Littlewood maximal function over all balls contained in 
A. By the doubling property of u we see that 



\MAk\\mda)<cJ^ h{P)da{P) 

J Ar/2 



< 



< 



Ccu{A 



R 



Ccu{Ar) 



N%Vu){P) da 



R/2 



-R 



n-2 



C\\u\ 



□ 



which concludes that u G Aao{da) proving our claim. 

3.2. A new proof for: {R)p implies {R)jjgi. In [16] C.E. Kenig and J. Pipher used 
localization argument to prove the implication that {R)p implies {R)jjgi. In order to 
prove the same result without the localization theorem of [16] we need the following: 

Lemma 3.7 (Lemma 2.5 in [21]) • Let u be a weak solution for L in Q which vanishes 
on A^R^Q). Then for any X G T2r{Q) we have 



\u{X)\ 



G(X,0) 
G{Ar{Q),Q) 



\u\ 



TiRiQ) 



The next Lemma is part of the proof of Theorem 2.9 in [2^ : 



Lemma 3.8. Assume that u G Aoo{da). Then for u and R as in Lemma \3. 7| we get 



Ar{Q) 



u 

'5Jr 



< 



C 
R 



\u\ 



T4r{Q) 



Proof. By Lemma [3.71 we have for any P G Ar{Q) 



u 



5)r^^^-^G{Ar,Q) \jr,,^Q) 



u\ 



G(-,0) 
5{-) 



R 



Lemma 2.2 in [3] and (1.3) Theorem in [13] imply 

G(X,0) ^ u;(A^(x)(X)) 
5{X) ^ 5(X)"-i ' 

Thus for hR{Q) = snpx&{Q)nBR{Q) '^^f^xr-^''^ get 



< 



g{Ar{q),o) V 
c 



\u\ 



G{Ar{Q),Q) ViT^lQ) 



\u\ 



ArXQ) 
oo{Ar{Q)) 



R 



n— 1 



where for the last step we used the Aoo{da) condition. Thus 



< 



c 

R 



\u\ 



T4r{Q) 



□ 
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The result below takes care of the estimate for non-tangential maximal function away 
from the support of an (1, oo)-atom. 

Theorem 3.9. Assume that u G Aao{da), where u is the elliptic measure of the op- 
erator L* . Let f be a smooth Hardy-Sobolev {l,oo)-atom corresponding to the surface 
ball Afi{Qo). Then u the weak solution for L with boundary data f satisfies 

\\N{Vu)\\Liidn\AsniQo))<C 

for a constant C independent of f and R. 

Proof. Without loosing generality we can assume that R < Rq and that / is non- 
negative. Since / is a smooth Hardy-Sobolev (l,oo)-atom for Ar{Q) we have |/| < 
. Thus for X E ^\T2r{Q) Lemma 2.2 in |3] and Theorem 1.8 in [13] imply 

(3.5) u{X) < CR'~^w''{An{Qo)) ^ G{X, Ar{Qo)) <C 



Define Rj = {Q e dVt : \Q - Qq\ ^ 2^i?} for j > 3. For Q G Rj and X G V{Q) with 
1^ — Ql > 2-^/? we have by fl3.5p and Cacciopoli's inequality 

,^ / C I f 2V C i?" C 1 



'B^(x) J S{X) yjBsj^ix) j - S{X) {2mY+-^ - 2^- (2^i?)-i- 
Therefore 

( N{Vu){Q)da{Q)< I N2.R{Vu){Q)da{Q) + ^, 

Rj J Rj 

where r is as before the truncated non-tangential maximal function at the height 
2^R. By Cacciopoli inequality in the interior we get 



N2.RiVu)iQ)daiQ) <C [ (jYiQ)daiQ). 

R, JR, 



Thus if we cover Rj with finite many balls with radius comparable to 2^R and 
apply Lemma 13.81 to each of the balls we get 



where T^j = T^j (Q^) for = 'r(A^) and the center of A^. Inequality (13. 5p implies 



that each term is bounded by ,„j pfT+a-a , thus 



{20 RY 

i?" , C_ 

2ja 



^ N2.n{'^u){Q)da{Q) < C{VRY-'^-^^^ < 
Therefore NiVu) da < which means that we can take the sum in j to get 

A^(Vn) da < C. 



dn\AsR{Q) 

□ 



Thanks to Theorem 13.91 we now can reprove Theorem 5.2 of [T6] . 
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Theorem 3.10. {R)p implies {R)fjsi. 

Proof. By Lemma [3.21 it is enough to show that fll.2p holds for smooth Hardy- Sobolev 
(1, oo)-atoms. Let / be a smooth Hardy-Sobolev (1, cxD)-atom corresponding to Aji{Q) 
and u the weak solution for /. Without loosing generality we can assume that R < Rq. 
Either by slightly adjusting proof for Theorem 13.61 (or by Theorem 5.4 [TB]) we know 
that {D*)p holds and therefore the elliptic measure u of the operator L* belongs to 
Aryo{da). From this by Theorem 13.91 we obtain 

\\N{Vu)\\Lii9n\Asnm<C. 

For the Asii{Q) part, we use Holder's inequality and the {R)p condition to get 

||iV(Vw)|Ui(A«,(Q)) < C\Anm^ \\Ni\/u)\\LnAsnm < C\Anm^ II/IUmoo) < C, 
since / is a (1, oo)-atom for Aji{Q). 

It remains to show that Hm] 1^1(0) < C. From fl3.5p we see that for X G ^\T2n{Q) we 
have 

u{X)<CG{X,An{Q)) 

and so 

ll^^llLi(n) < C\\u\\Li(n^^^) + \\N{Vu)\\Li(dn) < C, 
which completes the proof. □ 

3.3. {R)fjgi implies {R)p for some 1 < p < oo. We are now ready to establish the 
main result of this paper, namely the implication that {R)jjgi implies {R)p for some 
1 < p < oo. In the course of thinking about this problem we discovered that there are 
two possible ways to establish this result. One is to adapt the proof in [16] where for 
{R)p implies {R)p+£ was established. The other way is motivated by the proof of the 
main Theorem in [21] (adjusted with the aid of Lemma l2.5p . We decided we prefer 
the second method as it avoids the use of a localization theorem and real variable 
techniques with rather lengthy proofs. We present this method here. 
We define 

E{\) = {P edQ: M{N(yu)){P) > A}. 

Theorem 3.11. A ssuTfie that (/?)^^i holds. Choose any p G (l,cx)) for which the 
{D*)pi holds. Let f G C°°(9fi) andu he the corresponding weak solution of the Dirichlet 
problem. Then there exist positive constants £, r/, Co such that 

(3.6) |^(^A)| < e^+''^\E{\)\ + \{P G dn : M(M(|V/|)) > 7^)1 

for all A > Aq = Co N(yu) da, 7 = 7(e) and A = e~p . 

Proof. This proof for the {R)p case can be found in Lemma 3.4 in [24]. The weak (1, 1) 
inequality for the Hardy Littlewood maximal function implies 

EW<T [ N{Vu)da<^^. 

Thus by choosing Cq = Co(fi) sufficiently large we can ensure that -E'(A) < ||A/j(,/4|, 
where Aj:jq/4 is any surface ball with radius -Ro/4. Thus -E'(A)'^ fl 7^ for A > Aq. 

Let {Qk} be a Whitney decomposition of -E'(A), i.e. 
• E{X) = [j,Qk 
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• Efc XQu < K 

• sg,. n E{\Y ^ 0. 

To prove the lemma it is sufficient to prove that 

(3.7) Qk n {M(M(|V/|)) < 7A} 7^ imphes \E{A\) nQu\< e'+^Q^I- 

Indeed, since E{AX) C E{X) it follows that for e small enough such that Ke^^'^ < 
we have 

\E{AX)\ < Yl ^ + \{M{M{\Vf\)) > 7A}| 

<ei+^|E(A)| + |{M(M(|V/|))>7A}|, 

which is the statement of our theorem. 

Hence we focus on establishing (13. 7p . By the properties imposed from the Whitney 
decomposition on Qk we have for P & Qk'- 

M{N{Vu)){P) < max{M5Q,(iV(Vn)),CiA} 

for some Ci = Ci{Q) depending only on the geometry of our domain. Here Mq is a 
modified version of the maximal function 



Mq(/)(P) = sup/ I/I 

Q3P J Q 



JQ 

QCQ 

Take now A larger than Ci we see by the properties of the Whitney decomposition 
on Qk that 

(3.8) \Qk n E{AX)\ < \{P e Qk ■■ M,Q^{N{Vu)){P) > AX}\. 

Let w be a weak solution to the Dirichlet problem for the operator L in the domain Q 
with boundary data if{f — a), where ip G C°°{dQ) with 0<(p<l, (p = lo'n. 6Qk, 
suppip C lOQk and a = fiQQ^ /• Then 

\Qk n EiAX)\ < \{P E Qk : M5QjiV(V(w - v))] > f}\ 
+ \{PeQk:M,Q^[N{Vv)]>f}\ 

^TTupf N{V{u-v)Yda+^ f N{Vv)da = I + n 

by the weak {p,p) and the weak (1, 1) inequality. We choose p > p so that {D*)pi still 
holds. Since {R)jjgi holds, Lemma [2.51 for q = 1 implies for the second term 

// < ^||^(/ - «)||h5^ < -^|g.|M(M(|V/|))(Q) 
for any Q G 5Qk- Thus we can choose a Q from Qk n {M(M(|V/|) < 7A} to get 

n<^\Qk\. 

For / observe that u — v — a is a weak solution with vanishing boundary data on 6Qk- 
For this term we use the Main Lemma of [23] , namely the reverse Holder inequality for 
N{Vu). 
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Lemma 3.12. [Theorem 2.9 in / Assume that (D*)^' holds. Letw he a weak solution 
which vanishes on ^^^{Q). Then 

V 



N{Vwfd(T\ <f N{Vw)da. 
Hence it follows that 



c 

-jAXj-p^^' 



6Qk 

J- N{\/u)da] N{Vv)da] 

J&Qk / \J<iQk / . 



'6Qfc / \JfiQk 

To get the last line we have used the facts that 3Qk H E{XY 7^ as well as Qk H 
{M(M(|V/|)) < 7A} 7^ and that {R)hs^ holds. In the last step we hid 7 into a 
generic constant C, we can do this since 7 > will be chosen small in the next step. 
Collecting all estimates together we see that 

'C7 C 



|g,nE(AA)|<|Q,, , ^ , ^_ 

= \Qk\iC^e-^+CsP/n 

for 77 = ^{p/p — 1) > 0. We now choose e > small enough to make the second term 
less than | and then choose 7 such that the first term is smaller than |. Therefore 

\Q,nE{A\)\<e'-^'^\Qk\, 
which finishes the proof. □ 

With (13. 6p established the proof of the Main Theorem in [21] implies the our main 
result. For completeness we include the proof. 

Theorem 3.13. There exists 1 < p < 00 such that {R)fjgi implies {R)p. 

Proof. By Theorem 13.61 there exists 1 < p < 00 such that {D*)pi holds. We multiply 
(13. 6p both sides with A^""^ and integrate then over (Aq, A) to get 

/■A /"A n 

/ \E{A\)\\P~U\ < e^+" / \E{X)\XP~^dX + C / |V/|^rfa, 

J Xq J Aq J 

where for the last term we used the boundedness of the Hardy-Littlewood maximal 
function on twice. Using the change of variables AX 1— )■ A we get 

/ |E(A)|AP"M^"PA-MA < 5^+" / |E(A)|AP"MA + C / |V/|Prfa. 

J AXo J Xo J 
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By the definition of A we liave A^~pA~^ = e. Tlierefore tlie previous inequality simpli- 
fies to 

/ |E(A)|Ap-MA < / \E{X)\X''~^d\ + C{£) \\/f\''da. 

J A\o J \o J 

For e small enough such that e"^ < \ and A large enough such that A > AAq, we can 
hide the part e"^ J^^^_^ |-E'(A) jA*'"^ dA on the left hand side to get 

pAA fAXo f 

/ \E{\)\y~^ d\ < C \E{\)\\P~'dX + C nvfi^da. 

J AXo J Xo J 

By adding \E{X)\\^~^ dA on both sides we end up with 

pAA fAXo r 

(3.9) / \E{X)\XP-UX < C \E{X)\XP~^d\ + C \Wffda. 
Jo Jo J 

By the definition of Aq, the -condition and Holder's inequality the first term of 

the right hand side is bounded by 

Thus sending A ^ oo in ([33]) gives jQ^{M{N{\/u))y < C| |/| l^i,,^^^), i.e. 

(3.10) ||Ar(Vn)|U.(an)<C||/||HMen). 

It remains to check that ||M||LP(n) < C\\f\\m'P{dn)- By the usual splitting into the 
positive end negative part, we can without loosing generality assume that / is non- 
negative. We have 

\MLnn) < C\\N{Vu)\\Lr,^Qn) + C\\u\\L^n^^) < C| |/| I^lpcoq) + II/Hh^i < CWfWm.Pian). 

□ 

The p in Theorem 13.131 was determined by the p' for which {D*)pi holds. Thus 
Theorem 13.131 allows to conclude the following: 

Corollary 3.14. Let L he an elliptic operator with the elliptic measure of the adjoint 
L* operator in Aoo{da) . Then either 

{i)a {E>*)p' implies {R)p for all p G (l,oo) for which {D*)pi holds 
{i)b {D*)bmo implies {R)hs^ 

or 

{ii)a {R)p is not solvable for any p G (1, oo) 
{ii)b {R)fjsi is not solvable. 

It remains an open question whether the second alternative in Corollary 13.141 does 
happen or whether {D*)pi always implies {R)p. By Corollary I3.14[ Theorem 13.91 part 
of the proof of Theorem 13.101 regarding the ||M||Li(f^) norm and Lemma [321 get the 
following: 
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Corollary 3.15. Assume that for all smooth Hardy- Soholev {l,oo)-atoms f the weak 
solution u of the equation Lu = with Dirichlet data f satisfies 

[ N{Vu) < C, 

where A/j(Q) is a surface ball on which the atom f is supported and C is a constant 
independent of f . Then 

{D*)p/ implies {R)p- 
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